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Various types of partitions are a common feature of lifting surfaces. These partitions can
take the form of stiffening ribs, deflectors for preventing secondary flows or flow separa-
tion, etc. The presence of partitions has a marked effect on the character of flow and on
the values of the aerodynamic parameters. Flow past such wings cannot be computed in
the general case. Wings of a special type are amenable to simple solution, however, and
this will be considered below. One special case of interaction between a partition and an
infinite wing is also considered in [1

1. Formulation of the problem and construction of the solution.
Let us consider a triangular conical wing with supersonic leading edges. We assume that
the portion of the wing adjoining the edges is flat. We shall seek our solution in the co-
ordinate system r, A, ¢ shown in Fig. 1. The relationship between our coordinates and
the Cartesian ones is given be Expressions (2]

z= rcos 0 sin g, y=rsin8, z==rcosg cosf
'Il‘he conical flows in terms of these variables are described by the system
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The first two of these equations constitute projections of the Euler equations on the r
and f axes. The three latter equations are the energy, entropy, and particle mass conserve
ation equations. All of the variables in the equations are dimensionless, and u, v, and w,
i.e. the velocity components zlong the r, f, and ¢ axes, respectively, refer to the velocity
U at infinity; pis the density referred to the density p0 of the free stream; p is the pres-
sure referred to the velocity head p0v?; ¥ is the adiabatic exponent; M, is the Mach num-
ber of the unperturbed stream. We shall solve the problem for the following boundary con-
ditions.
1° The relations

Un = Un‘p", Un = Un.‘ UTz = UT;’ &= T——T—_i

1 2 2 e .
e T — = 7o 5 1.2
Pr="g {1 * (T—UMOJU,E]’ PrEy e TN @2

nen



Supersonic flow past triangular wings 1051

must be fulfilled at the shock wave whose surface equation we denote by 0* (¢).

The quantities with the subscripts n,T; , and7; are the projections of the velocity on
the normal and on the two mutually perpendicular tangents to the surface of the shock
wave.

2°. On the body surface defined by Eq. A, (§) we have U, = 0. The boundary conditions
on the flat portion of the wing near the edges are v = 0, § = 0. Now let us make use of (1.2)
to express the values of all the required functions at the shock wave in terms of the equa-
tion of the wave surface. To this end we introduce the three unit vectors e;, e;, and €
along the axes r, f, and §, respectively. In the Cartesian coordinate system shown in
Fig. 1 these are defined by the followin projections: (1.3)

e, [cos B sing, sin 0, cos O cosgl, e, [—sin O sing, cos 6, —sin 0 cos¢], e; [cos¢q, 0,~sing]
This new basis enables us to determine readily the projections of the unit vectors
tangent and nommal to the surface of the shock wave.
In fact, in the left-handed system we have
1=e(1,0,0), Tuxn="1.00, —g(1+4 g% —(1+¢0 ")

nl0, (1 + qzl)—%, — g (14 g0, g =18, /cos®" (1.4)
Relations {1.2) to {1.4) enable us to represent the values of the required functions at
the shock wave as

. . . . ., Ag+4+B , A-—Bg
u®* = cos a-cos §* cos ¢ — sin o 5in 6*, p* = 114 we == 1TF ¢°
—1
U, == ———=[(sina cos§* + cosa sinB* cos @) — g cosasin 1.5)
e ) 9l (

= -— ¢ (c0s B* sin a - sin 6* cos & cos @) — cos d sin @

Y I

B=—8[1+WJ (sin o cos §* - cos & sin §* cos § — g cos A sin @)

We hegin to construct the solution with a study of flow past the flat portion of the wing
in the neighborhood of the leading edge. Fig. 2 is a diagram of this flow with a plane
shock OAC attached to the wing edge 04B. The velocities of the free stream and of the

Fig. 1 Fig. 2

homogeneous flow behind the shock are represented by the segments OFE and OB; the velo-
city component tangent to the shock is represented by the segment 0D, We can readily see
that all of the planes passing through the line OB and intersecting the shock are stream
surfaces. Hence, the plane OBC normal to the wing can be considered as an impermeable
barrier {at which w = 0). Further, we can assume that the flow in the outer zone between
the wing and barrier is determined by the uniform flow behind the plane shock. Although
the flow behind the plane shock has been thoroughly investigated, its application to flow
past a conical wing enables us to make several remarks of theoretical interest. Let us con-
sider the velocity triangle OED in Fig. 2. This triangle includes the normal component DB
of the velocity behind the shock, which is equivalent to the projection of the velocity nor-
mal to the radius OD, Recalling that DB is always smaller than the velocity of sound, we
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obtain the following inequality at the point D:
2 w? < a? (1.6)

Here a is the velocity of sound in the stream behind the shock. Let us trace the change
in the velocity normal to the radius accompanying passage from the point D to the point B.
According to Fig. 2 it decreases monotonously to zero, so that inequality (1.6) remains
valid at all points of the segment BD, On the other hand, by the condition of the problem
the edge OA is supersonic; the velocity component normal to the radius is larger than the
velocity of sound at the point 4. This yields an inequality opposite to (1.6) in the neighbor~
hood of the point 4. Let us write out the equations of the acoustic characteristics of sys-
tem (1.1). We have

f?_= —vwta Vb ut— a®
dg 2t — o

The change of sign of inequality (1.6) alters system of differential Eqs. (1.1) {e.g. see
[3]). Thus, the translational stream on the outer portion of the wing in conical variables
constitutes transonic flow and can be considered as a particular analytic solution of a mixed
system. In this solution the velocity components u, v, w {p and p are constants) and the
sonic line can be determined directly from Expressions

u=1{Uyc080 cos (¢ — 1)

v=—U;sin0sin (@ — @1), w==-— U;sin(Qp— Q1)

(1 — Moyh

€08 (@ — Q)

where U and M, are the velocity and the Mach number of the homogeneous stream behind
the shock; 1 is the coordinate of the point B (Fig. 2). For certain values of the geometric
parameters and Mach numbers a second parabolic line in the neighborhood of the point C
arises in addition to the parabolic line in the neighborhood of the point 4, The fact is that
the Mach cone for a uniform stream behind the shock can intersect the flow zone in two pla-
ces. It is interesting to note that there are no singunlarities on the sonic line in this case.

Let us now attempt to find the solution in the inner zone

between the partition BC and the plane of symmetry GF
{Fig. 3). On the lines BC and GF we have the condition
w = 0, at the shock wave FC conditions {1.2) and (1.5},
and at the wall GH the condition of streamline flow. Let
us assume that the solution of the problem can be obtained
in the class of flows for which w~. & ~ 0 in the entire do-
main CFGH. In this case the unknown functions u, v, p
and p (in accordance with {1.1)) satisfy the following sys-
tem of equations:

cos § =

W—vzo, (17)
L, top ¥ p Wi _ o
z)—5§—+uv:—a~5~—é§m P -+ P 2

Fig. 3

é8ln i J{vcosh)

P ) p
;7=6*(¢). 2udv 55t o506 90 0

The second Eq. of (1.1) has been omitted, since it is a consequence of Eqgs. (1.7); 8(¢)
is an arbitrary function. The pressure is given by Formula
*1/x

pa

V4

Y -1
I ] A.8)

1
p=[gl—w—upSr] L s@=

The velocity u can be determined on the basis of system (1.7) from the quasilinear sec-
ond-order equation
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ugp(1— M ) —uytg 8 +2u(1—1 M %) =0

2y °

M =0 e—w —uy) @
The coefficient M,, is the Mach number in the transverse flow on the sphere r = const.
We can show that M2 <1 for sufficiently large M . In fact,
M2~v*?/a*~e (k1 +|q]|ke), 0 <kt

1f |g| is on the order of unity, then M, < 1; if lg] is large, then M, > 1.

Let us consider the boundary conditions in more detail. The equation w* = ( must be
fulfilled at the shock wave. By virtue of (1.5) this means that 4 — Bg = 0 and that the sur-
face of the shock wave can be found by solving the first-order differential Eq.

4B, + 08,7 + aft + ay =0, ay—eb®te;, a5 = ab (1 — 2e) cos@*

(1.9)

* i
as = — [a* (1 — &) — b? — ;] cos? O*
ag = — ab cos® 0%, a == cos 0* sin o 4 sin0* cosa cos @
b= cosasing, e, =2/(v+ 1) M} {1.10)

Equation (1.10) must be solved under the condition that the shock wave passes through
the point C (¢, #,*). It is interesting to note that for M = © Eq. (1.10) breaks down into
the two simpler equations

(68,* — a cos 8*) (8,** eb -+ Ooa (1 — &) cos 8* b b cos®0%) = 0 (1.11)

The first factor cannot be a solution because the symmetry condition 9,*(0) = 0 is not
satisfied; the second factor yields two negative roots. The smaller of these roots, i.e. the
one which corresponds to a Mach number M,, <1 {see (1.9)}, is the one required. For the
second root we have M,, > 1, and, as we shall show, no solution exists.

If the point C is determined by the condition of flow of the translational stream past the
outer portion of the wing with the attached shock AC, then adjunction of the shock AC with
the curved shock CF automatically preserves the continunity of the derivative. Thus, the
shock wave can be determined unambiguously from Eq. (1.10) or (1.11) and from the point
C. By virtue of (1.5) and (1.7) this has the effect of stipulating that

W@ Q) =t U (0% =0 =B (1.12)
at the points of the shock wave.

In relation to Eq. (1.9) these functions constitute boundary conditions which determine
a unique solution. Hence, the streamline flow condition v = ug = 0 is extraneous and can-
not be satisfied on an arbitrary surface &, (¢). The only remaining alternative is to const-
ruct the solution of Eq. (1.9) under conditions (1.12) and to determine whether its domain
of existence includes a surface at whose poinis ug = 0. If it does, then the shape of the
inner portion GH of the wing is determined (Fig. 3) and the solution becomes closed. The
flow at the inner portion of the wing can be of independent interest in the case of ribbed-
edge wings or of conical channels with flat side walls. ThLe latter occur in the design of
air intakes. The solution constructed for the class of flows with w = 0 satisfies system
(1.1) and all the boundary conditions. However, in this class of solutions system {1.1) de-
generates, and the first three equations are not equivalent to three Euler equations. This
means that system (1.1) is not complete in some cases.

2. Investigation of the solution and computed results. Conical flow
near the wings considered above exists if the Cauchy problem with the appropriate stream-
line flow condition is solvable for Egs. (1.9) to (1.11). Investigation of Eq. (1.11) enables
us to establish that the domain of existence of the solution is defined by the inequality

(sino cos O 4 cosx sin 0 cosg)? — (y? —— 1) cos’a sin’g > 0 (2.1)

If the plane shock is attached to the wing edge. then this inequality is certainly fulfil-
led at the point C(gq,, 6 ,*) of the rib. In fact, it is easy to show that it is fulfilled over
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the entire range 0 < ¢ < 1. On the other hand, if we are considering the inner flow at 2
wing with an arbitrary apex angle ¢, and a rib 0,*, then fulfillment of the inequality at the
initial point (§*,§,) once again guarantees the existence of a solution for the shock wave.
In this case the permissible values of the initial parameters (51*, ¢y a) are bounded by
the surface defined by relation {2.1) taken with the equal sign.

Examples of such domains for several values of the angle & appear in Fig. 4, The do-
main of permissible parameters can be determined in a similar way in the case of finite
Mach numbers.

Now let us investigate Equation (1.9).

We begin with the case M, <1, first rewriting the equation in the form

[V A | to R
—u(2—M72) +utg0
2

gy == T— M

n

2.2)

Proceeding from (2.2) and recalling that the inequalities 5 > 0 and ug < 0 are falfilled in
the flow domain, we find that 499 < 0. Let us first consider the stream field in the domain
adjacent to the rib ¢ = ¢1. We stipulate that u* (91‘“, \FI) > 0 and ug* (91*, ‘Pl) < 0 at the
point of intersection of the rib and shock wave. By virtue of the inequality for the second
derivative the curve of the radial velocity 4 (#,9,) is convex and has a shape like that of
the lower curve in Fig. 5. In order to determine whether the derivative ug vanishes for some
value of @, we shall compare it with the radial velocity distribution in the uniform stream
adjacent to the right side of the rib ¢ == ¢;. By virtue of (1.8), the velocity u® of the homo-
geneous stream satisfies Eq. ugg®= ~ 1 Comparing the latter with (2.2), we obtain the
inequality |ugg| > [ugg°| « On the other hand, at the initial point (6,*, §,) we have u =15,
ug=ug’s we also know that ug”= 0 for & = 0. This means that the derivative ugy vanishes
for > 0, The distribution of the velocity u° of the uniform stream appears as the broken
curve in Fig. 5. Without going into detail, we note

90 8° | that the condition ug = 0 is fulfilled for positive
' throughout the range 0& ¢ £ . Computations
50— } 4
f

T

-30 . 0 8, 8%

Fig. 4 Fig. 5
show that the wing contour GH is convex, as is shown in Fig. 3.

Let us now tumn to the case M, > 1 and assume to begin with that 1 <M, < 2. Eq. (2.2)
then yields the condition ugg > 0, which implies an increase in the absolute value of ug as
the argument decreases {see the upper curve in Fig. 5) Increases in the derivative lugl can
be accompanied by increases in the coefficient M, such that beginning with some value of
@ the quantity M_ becomes much larger than two. This makes possible a change in the sign
of ugg in Formula (2.2) and the appearance of an inflection point in the curve u (0) after
which lue' begins to diminish. It can never reach zero, however, since for M, <1 we have
another inflection point and lugl once again increases, etc. Hence, the resulting class of
conical flows corresponds to flow past the wing only for ¥, < 1.

Qualitative aunalysis of the velocity distribution at the rib enables us to draw a useful
conclusion: namely, that according to Fig. 5 the quantities u and ug on the inner side of
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the rib are smaller than their respective values on the outer side, This implies that the
pressure force (see (1.8)) acting on the inner portion HC of the rib (Fig. 3) is larger than
that acting on the outer portion. Hence, the total forces applied to the ribs produce a thrust
which reduce the total drag.

Of the greatest interest in this connection are narrow wings with ribs on their leading
edges (see the first diagram in Fig. 6). With such an arrangement the pressure on the outer
side of the rib is much smaller than on the inner side. The domain of higher pressure cov-
ers the entire wing, so that the thrust and lift are increased more markedly.

Now let us consider the computed results. The equa-
tions were integrated by the Runge-Kutta method using
l a standard computer routine. The first step was to solve

the Cauchy problem for Eq. (1.10) with the data (0,*,

/ 4 ) §,) chosen either arbitrarily or by computing the trans-
‘ \ lational streamline flow past the outer portion of the
.‘W, 7) wing. The shape a*¢) of the shock wave and its deriva-
‘ ( tive & *(¢) were determined in the range 0< ¢S ¢, in
? 3 N

the course of the computations. The next step was to use

. (1.12) and (1.5) to find the initial conditions for Eq. (1.9)

Fig. 6 which contained & as the parameter. Eq. (1.9) was inte-

grated in five planes ¢ = @; which divided the interval from 0 to ¢, into equal parts. The

functions sought were u (0, ¢,;) and 4 ,(f, §;). Computation was terminated upon the attain-

ment by the second function of zero to within six places. This procedure enabled us to find

five points of the wing contour. The pressure coefficient C,, = 2p was computed at the wall
and rib using Formula (1.8).

The results obtained in computing the contours of the body and shock wave in the trans-
verse cross section £ = 1 for the M = @, y = 1.4, & = 10° and for two initial positions of
the rib (10°, 5°) and {5°, 5°) appear in Fig. 7. It is interesting to note for large apex an-

2 2 gles § the body contour is highly curved, while for small
A m\ Moo apex angles it is almost straight. Fig. 8 (broken curves)
y* E,h”;*\\f\ shows the pressure distributions at the wall and rib. Re-
Y v, gardless of the contour curvature, the pressure at the
% wall is almost constant and increases towards the plane
N of symmetry of the wing. At the rib the pressure increa-
ses slightly towards the point of adjunction with the
4 ot z 02 body surface.
Fig. 7 The computed data for a finite Mach number, ¥y = 3,
a = 6°307(8°10% 26°36") appear in Fig. 9. The broken curve represents the pressure dis-
tribution at the wall. The qualitative behavior of the curves described above remains the
same in this case. Constant pressure at the wing means that the velocity w is, in fact,

small, and that our solution is highly accurate. 7 ol
Ay T
B )|
0 N N N
A 14
4 PR M=3
a1 Y] 20 uummnmmmmww
005 y o 1)
o afr r 72 g
Fig. 8 Fig. 9

The class of flows characterized by a velocity w ~ 8 enables us to investigate not only
past a wing with the transverse cross section shown ir Fig. 3. Taken together with the
translational stream, it can be used to determine the flows near other wings and bodies, e.g.
near those whose cross sections appear in Fig. 6.
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3. Hypersonic flow past a wing. Let the Mach number of the free stream be
large (M = o») and let the density ratio determined by the parameter be & <« 1. The coor-
dinate system r, #, ¢ (Fig. 1) in this case can be conveniently related to the surface of
the body by measuring the angle O from one of the generatrices of the body, e.g. from the
valne A = (@ ). Then instead of the coordinate A we have the new ann]n < rP]z:an to the
former by the expression § =0+ 6, (¢ ). If we measure the angle of attack a.® from the
plane ¢ = 0, then we must replace a by the difference (a® —#,) in all expressions.

In the hypersonic approximation, assuming that the wave is sufficiently smooth (narrow
wings), we have the estimates

P~e, u~1, v~eg, ~1, p~g

feom AN

From this, retaining only the principal terms in {1.10), we obtain the following equation
for the shock wave:
+ clg (a® —0;) sing
do 14-tgoctg (a° —0;)cos @
The two terms in the left-hand side must be of the same order. Hence, ¢ ~ "2, and the
approximation is valid only for sufficiently narrow wings.
The function 0* (g) is given by the relation
14 tg6ctg (a° —0)) cos@ ]
B =8" +clgh, ln[ 1 4 tg 01 ctg (a® — 6;) cos @;_
Eq. {1.9) and boundary conditions {1.12) can be simplified in the same way. Retaining
the principal terms, we find that
Ugg -+ 2u == 0, u* = ¢os (a° — 6;) cos B; cos¢ — sin (@® — B;)sin
ug* = — g [sin (@ — 6,) cos §; -+ cos (@° — 6y) sin 6, cos ¢} (3.2)
We can write the solution as
u=oasinY29-+bcos Y20, a=u'sinY 28 Fu*/V2cosyYIv*, b=u*cosy2v*
From this and from the streamline flow condition we find that the wing contour is given
by Expression

== 0

(3.1)

. & s8in(o® —8;) cos By -+ cos(a® — Oy)sin O; cos @
(@) =9 (@)~ €0s (#° — 01) cos 8, cos ¢ — sin (a° — 6;) sin 6y
The parameter ; appearing in the above formulas can be determined from the condition
¥ () = 0.
If we assume, moreover, that the wing is slender (#, ~ ¢) and measure the angle & from
the plane 61 = 0, then instead of {3.1) we obtain Expressions
Pt = §*% 4= ctga® (cos ¢ — c08¢1), %= 0* — 1, etga’/cosg (3.4)

(3.3)

which indicate that the wing contour is convex.

Computations carried out using Formulas (3.4) appear as broken curves in Fig. 7. Com-
parison indicates good agreement with the results computed for M = 0.

The author is grateful to G.G. Chernyi and G.N. Andreev for their useful comments on

the present paper.
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